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Abstract 

The Volterra lattice is considered. New gradient interpretation for 
this dynamical system is proposed. This interpretation seems to be 
more natural than existing ones. 

AMS MSC 58F19, 58F07 

In the present paper we give a gradient interpretation for the 
Volterra lattice treated in details in JjJ]. The phase space consists 
of variables u n > 0, 1 < n < N. The equations of motion are 

= u n (u n+1 - Un-i), 

where uq = u^+i = 0. 

The interest to gradient interpretations goes back to the paper 
by J. Moser |J, where such an interpretation was given implicitly 
for the Toda lattice. Twenty years later A. Bloch, R. Brockett and 
T. Ratiu H suggested another gradient interpretation for the Toda 
lattice, which was different from Moser's one. Our interpretation for 
the Volterra lattice as a gradient flow is based on the same idea of the 
double bracket representation (see 

It should be noted that as well as for the Toda lattice our interpre- 
tation is not unique: the well-known isomorphism between these two 
problems (see e.g. [Q]) and the results of Q lead to one more gradient 
interpretation for the Volterra lattice. Our representation seems to 
be more natural. As a remark we note that the gradient interpreta- 
tion for the Toda lattice was used in the paper by C. Tomei |J and 
D. Fried || for study of non-trivial geometry of isospectral sets. 
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with a given spectrum. The manifold M is called the isospectral set. 
Let V be the euclidean space of (N + 1) x (N + l)-matrices with 
respect to the scalar product (X, Y) = trXY T . The manifold M is 
naturally embedded in V. Let Lq be any point of M. Consider the 
adjoint GLjv+i-action in V; then GLn+iLq is a submanifold of V 
and M is a submanifold of GL^+iLq. Let V^ = {T £ V\[Lq,T] = 
0}, let be its orthogonal complement with respect to (,); then 
= Tl GLn + iLq. By T denote the orthogonal projection of T G 
V on V^. Define the scalar product of two vectors [Lo,^4], [^Oj-B] S 
Tl GLn+iLq as ([Lo,^4], [Lo,S]) = (^4- L ,B ). In this way we obtain 
a Riemannian metric on GLn + \Lq. Its restriction gives a Riemannian 
metric on M. 

LetV3 K = ±diag(l,2,3,4,...) and f{L) = (K, L 2 ) =tvKL 2 . 
Theorem. The gradient flow of J\m relative to the Riemannian met- 
ric on M coincides with the restriction of Volterra flow to a joint level 
of its integrals. 

Proof. It is known (see e.g. jjj) that the Volterra lattice is equivalent 
to the Lax equation L = [L,A], where A is the matrix 
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The integrals of motion are trL fc ; therefore M is diffeomorfic to the 
joint level of integrals. It is sufficient to prove that the restriction on 
M of the gradient flow of J\gl n+1 l relative to the Riemannian metric 
(, ) coincides with the Volterra flow. 
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Let [L,T] G TlGLn + \L be an arbitrary vector. Let us con- 
sider X such that [L, X] = grad( f\GL N+1 L)', then we have the 
equation df{[L,T\) = ([L, X], [L, T]). We see that df([L,T]) = 
(K,L[L, T] + [L,T]L) = (K,[L 2 ,T}} = ([L 2 ,K],T). Further, 
[L 2 ,K] ± = [L 2 ,K], therefore df([L,T]) = ([L 2 , K]- 1 , T). At the 
same time ([L, X], [L, T]) = (X ± ,T ± }; then X ± = [L 2 ,K] and 
grad(/| GLjv+lL ) = [L,[L 2 ,K]]. 

On the other hand it is easy to prove that A = [L 2 ,K], thus the 
Volterra lattice is equivalent to the equation L = [L, [L 2 ,K]]. This 
completes the proof. □ 
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